Exercises

1 Systems of linear equations and inequalities

Exercise 1.1 Find the set of solutions of the following systems of linear
equations.

(a)
1 + 229 —4dx3 = —2 )
21+ 32+ 23+24=3
ox2 —3r3 +x4=1
1+ 2o+ 3x4= -2
119 — 623 4+ 524 =0
(b)
1+ 3x3 — 204 = —1
—x1 + 223 + 523 + x4 = —5
201 + 3x0 +4x4 =7
To+x3—3x4=0
2r1 + 612 +923=1 )
(c)
—I1 —|—3SE2+4$3: 2
201 4+ 220 +x3 — 1oy =2
—x1 +3r3 4+ 224 = —1
5To + 83+ x4=05
2z9 + 723+ 324=0
()
—2x9 4+ 3x3 +3x4=14
T, +4x9 —x3=3
2x1 — 220 +4x3 +24=3
—x1 4+ 2x9 + 3+ 514 =38
—12x9 + 923+ 4x4=1
(e)

—r1—x2+3x3+a5=1

To + a3+ 224 — 3x5=—2

4x1 — 223 + 204 + 5 = —2

r1 —2x9 + 8xs + 4ry + 5= —1
3r1 — 220+ 5x5=1



(f)
1+ 2209 — 34+ 25=1
21+ bxro —x3 + 4= —8
—3x1 — 89 + 223 — bxy + 5= 17
5r1 4+ 1l — 23 — 8x4 4+ 35 = —5H
—x9 + x3 — Txg + 225 = 10

Exercise 1.2 Find the set of solutions of the following systems of linear
inequalities with help of graphical solution method.

(a)
20 +y<4)
—r+y<l1
—3r+y<5d
—r—2y<4
x—2y<4
<2

(b)
2z — 5y <10
r+y<>d
—r+4y <8
z+3y<9
y<4

(c)
—r+y<0
S5+ 3y<6
z+5y<13
—2z+4+5y<4
—r+6y< —6

(d)
—r+y<l1
—r+2y<6
—2z4+y<5H
—z—y<0
—Hr—y< —4

(e)
z+2y<12
x4+ 3y <12
y<5
20 —3y< -4
x—4y<0
r<A4




(f)
r—4y<3
20 — 3y < =3
20 —y< —1
6r —y<11
<2

(9)
—r+3y<38

x4+ 6y < 36

—r—y< =2

ox —y< 16
—y<0
—r<1

(h)
T+3y<5H
—2x—y< =5
dr —3y<5
—3z—y<6
z—5y<8

(i)
—r+4y<5H
-3z —2y<1
20 —3y <4
20 —y< =3
y<2

(4)
—3x+5y< -9
dr+y<11
20 —y< —1
—2r—3y< -3
—4r—9y<3

Exercise 1.3 Find the set of solutions of the following systems of linear
inequalities with help of Fourier-Motzkin elimination.

(a)
31 — 220 +23< 4

—r1 +4we +223< 1

59 +4x3< 3

$1—3ZC3§2

201 — 29 < 1



()
1221 4 2022 + 1523 < 60

—3.%1 - 5.%2 — 7%3 S —15

—5.’131 - 41‘2 - 3:E3 S —12

—4x1 — 1329 — by < —22

(c)
—2x1 + 1o +4x3< 1
3rg +a3<4
3r1 4+ 210 — 623 < 12
—x1+ 229 —x3< 3

(d)
—2x1 — 8x9 4+ 923 < 20
21 +23<4
1+ 3x9 — 4y < =T
—2x1 + 6x9 — b3 < —22
31‘1 — T2 S 9

(e)
—x3+ 324 <10
203+ x4 <8
T3 — T4 <1
—3333 - 2334 S -3
—T1 — 21’2 S -9
—Tx1 + 3x9 < —29
91 + 22 <64 )

2 Computed tomography

Exercise 2.1 Let R = [a,b] X [¢,d] be the picture region with an m x n
uniform partition. Calculate the line integral of the simple phantom defined
by the matriz A along the line I which is parallel to the vector v and passes
through the point P.

(a) R=11,5] x [2,5], m =3, n=4,

1 3

1
1 1
0 5 1 3



(b) R=1[-1,3] x [3,6], m =3, n =4,

11
0 1 1
_ 2 5
1
L1100
and v = (1,4), P =(0,4).
(¢c) R=13,6] x [1,5], m =4, n =3,

12
_ 1 5
A=]o0 L 1 3
11
01 3 3

and v = (1,-2), P = (4,4).

(d) R=1[2,6] x [-1,3], m=4, n = 4,
1 5 1
36 0w

_ 2 1

A=(1 5 5 O
1 5
3 01 53

and v = (-3,1), P = (2, %)

Exercise 2.2 Let R = [0,4] x [0,3] be the picture region with an m x n
uniform partition, where m = 3 and n = 4. Consider the following line set:

o The lines l1,l2,l3 are parallel to the vector v; = (1,0) and passing
through the points P11 = (O, %), Py = (0, %), Pz = ((), %) respec-
tively.

o The lines ly,l5,1l6,l7,13,lg are parallel to the vector vy = (1,1) and
passing through the points Py = (0,2), Pao = (0,1), P>»3 = (0,0),
Py =(0,-1), Po5 = (0,—-2), Pog = (0,—3) respectively.

e The lines lio, i1, l12, 13,114, l15 are parallel to the vector vy = (1,—1)
and passing through the points P31 = (0,6), P32 = (0,5), P33 = (0,4),
P34 =(0,3), P35 =1(0,2), P3g = (0,1) respectively.

The line integrals of an unknown function f along lines ly, fork =1,2,...,15
are
m1:3, m2:2, m3:2,

my=+v2, ms=0, mg=2v2, my=3vV2, mg=0 my = /2,
mio = \/ia mi1 = \/57 mi2 = 2\/§a mi3 = 2\/57 mi4 = \/5’ mis = O



(a) Find all the possible values x; j, such that the function g, which takes the
constant value x; j on the pivel R;; for alli=1,2,3 and j = 1,2,3,4,
has the line integrals along the lines I, equal to my for allk =1,2,...15.

(b) Which are the non-negative solutions?
(¢) Find the non-negative solutions whose values are not larger than 1.

(d) Which are the binary solutions?

Exercise 2.3 Let R = [0,4] x [0,3] be the picture region with an m X n
uniform partition, where m = 3 and n = 4. Consider the following line set:

o The lines l1,l3,13,14 are parallel to the vector v; = (0,1) and passing
through the points Py = (%,0), Py = (%,O), Pz = (2,0), Py =

(%, 0) respectively.

e The linesls,lg,l7,l3,lg are parallel to the vector vy = (1,2) and passing
through the points Po1 = (—1,0), Pao = (0,0), Po3z = (1,0), Poy =
(2,0), Po5 = (3,0) respectively.

e The lines lio,l11,l12,l13 are parallel to the vector vs = (2,1) and
passing through the points P31 = (0,2), P32 = (0,1), P33 = (0,0),
P; 4 = (0,—1) respectively.

The line integrals of an unknown function f along lines ly, fork =1,2,...,13
are
ml—l, m2:2, m3:1, m4:2,
ms = 0, mﬁz\/ga m7:§> m8:§a m9:\/57
m1o=§ mllzéa m12:¥, m13:75.

(a) Find all the possible values x; ;, such that the function g, which takes the
constant value x; j on the pivel R;; for alli=1,2,3 and j = 1,2,3,4,
has the line integrals along the lines l, equal to my, for allk =1,2,...13.

(b) Which are the non-negative solutions?
(c) Find the non-negative solutions whose values are not larger than 1.

(d) Which are the binary solutions?

3 Discrete tomography

Exercise 3.1 Is there a binary matriz of size 6 x 5 with the row sum vector
R and column sum vector S? If yes find such matriz. Is the solution unique?
If no, then give another matriz with same row sum vector and column sum
vector.



(a) R: 474?2707375 J

(b)) R=(2,3,5,0,3,5
(¢c) R=(4,1,2,4,3,1

(e) R=(4,2,3,3,1,1
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(d) R=(0,2,4,3,3,1
(
(

(f) R=(2,2,5,3,4,0

)



